ASYMPTOTICS OF SOLUTIONS WITH A COMPACTNESS
PROPERTY FOR THE NONLINEAR DAMPED KLEIN-GORDON
EQUATION

RAPHAEL COTE AND XU YUAN

ABSTRACT. We consider the nonlinear damped Klein-Gordon equation
Brtu + 200u — Au—+u— [uP"lu =0 on [0,00) x RY

with a > 0, 2 < N < 5 and energy subcritical exponents p > 2. We study the
behavior of solutions for which it is supposed that only one nonlinear object
appears asymptotically for large times, at least for a sequence of times.

We first prove that the nonlinear object is necessarily a bound state. Next,
we show that when the nonlinear object is a non-degenerate state or a degen-
erate excited state satisfying a simplicity condition, the convergence holds for
all positive times, with an exponential or algebraic rate respectively. Last, we
provide an example where the solution converges exactly at the rate t~! to
the excited state.

1. INTRODUCTION

1.1. Setting of the problem. We consider the nonlinear focusing damped Klein-
Gordon equation

Opu 4 200pu — Au+u — f(u) =0 (t,z) € [0,00) x RV, (1.1)
where f(u) = |u[P7 u, a >0, 2 < N < 5 and the exponent p satisfies
00 if N =2,
2<p<p*(N) with p*"(IV)=
p<p"(N) p"(N) x+§ N =345

It follows from [4, Theorem 2.3] that the Cauchy problem for (1.1) is locally well-
posed in the energy space: for any initial data (ug,v9) € H'(RY) x L2(RYN),
there exists a unique (in some class) maximal solution u € €([0, Tinax), H(RY)) N
E1([0, Trmax), L*(RY)) of (1.1). Moreover, if the maximal time of existence Tp,ax is
finite, then limyqyr,, . ||€(2)|| g <2 = oc.

Setting F(u) = p—_}_1|u|p+1 and

B(d) = %/RN (Vul + u? + (9u)? — 2F (u) Y,

for any H! x L? solution @ = (u, dyu) of (1.1), it holds

E(i(te)) — E(u(t1)) = —2a/ 2 O (t)]|%dt. (1.2)

t1
One can easily construct finite time blow-up solutions by adequately truncating a
constant in space solution, whose initial data lead to finite time blow-up for the
inferred ODE y” + 20y’ +y — f(y) = 0 (and using finite speed of propagation). On
the other hand, solutions to (1.1) which are globally defined for positive time, that
is for which Tj,.x = +00, are believed to possess much more structure, in the spirit
of a soliton resolution: it roughly asserts that any global solution (maybe under a
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2 R. COTE AND X. YUAN

genericity condition) splits for large times into a sum of decoupled rigid nonlinear
objects, which should be here stationary solutions, especially in view of decay of
energy (1.2).

Let us first recall from [6] (see also references therein) some features on stationary
solution, namely a solution to the elliptic equation

~Ag+q—fla)=0, qeH'RY). (1.3)
We call the solutions of (1.3) bound states, and denote B the set of bound states:
B = {q : ¢ is a nontrivial solution of (1.3)}.

Standard elliptic arguments (see e.g. [19] or [6, Theorem 8.1.1]) show that if ¢ € B,
then ¢ is of class C2(RY) and has exponential decay as |z| — +oo, as well as its
first and second-order derivatives.

Let

W(U):%/RN {|Vv|2—|—v2—2F(v)}dx, for v e H'.

We call the solutions of (1.3) which minimize the functional W by ground states;
the set of ground states is denoted by G

G={q €B:Vqge B, W(qp) <W()}

Ground states are well studied objects. They are unique up to space translation
(for rather general nonlinearities): there exists a radial positive function gq of class
€2, exponentially decreasing, along with its first and second-order derivatives, such
that

G ={qo(z —x0) : 1o € RN},
We refer to Berestycki-Lions [2], Gidas-Ni-Nirenberg [18], Kwong [23], Serrin-Tang
[27] (however, a positive bound state may not be a ground state, see [12]). Tt
is well-known (see e.g. Grillakis-Shatah-Strauss [20]) that the ground state qq is
unstable in the energy space. This result was also known in the physics literature
as Derrick’s Theorem [15].
In dimension 1, B = G (due to ODE arguments). In contrast, for any N > 2,
G C B: see [6, Remark 8.1.16]. Functions ¢ € B\ G are referred to as excited states.
As a matter of fact, much less is known about excited states.
Here are some references on the construction of excited states. Berestycki-Lions
[3] showed the existence of infinitely many radial nodal (i.e. sign changing) so-
lutions (see also [21, 25] and the references therein). For the massless version of
equation (1.3), the existence of excited states that are nonradial sign-changing and
with arbitrary large energy was first proved in Ding [16] by variational argument.
Later, del Pino-Musso-Pacard-Pistoia [13] constructed more explicit solutions to
the massless equation (1.3) with a centered soliton crowned with negative spikes
(rescaled solitons) at the vertices of a regular polygon of radius 1. Then, following
similar general strategy in [13], they constructed sign changing, non radial solu-
tions to (1.3) on the sphere SV (N > 4) whose energy is concentrated along special
submanifolds of SV in [14].

We can now go back to (1.1), and recall some previous results related to the long
time dynamics of global solutions.

Under some conditions on N and p, results in [17, 24] state that for any sequence of
time, any global bounded solution of (1.1) converges to a sum of decoupled bound
states after extraction of a subsequence of times. Also in [17], Feireisl constructed
global solutions that behave as sum of an even number of ground states (i.e. multi-
solitons).
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In [4], for dimension N > 2, Burq, Raugel and Schlag proved the convergence of
any global radial solution to one (radial) bound state, for the whole sequence of
time.

In [10], it is given a complete description of 2-soliton solutions (that is, solutions
which, on at least a sequence of time, behave as the sum of two decoupled ground
states), in dimension N < 5. Building on the tools developed there, [9] gave a
complete description of global solutions in dimension N = 1, that is, the soliton
resolution in that case. Let us finally mention [22] which study the long time
behavior of solutions with data in a neighborhood of 2 far apart solitons.

We aim at considering the behavior of solution without conditions on symmetry
(like radiality). A complete description seems out of reach, because of the lack
of understanding of the dynamics around general excited states, and because the
system of centers of mass of the involved bound states may have itself a very
intricate dynamics.

1.2. Main results. In this paper, we are instead interested in understanding the
behavior of solutions to (1.1) for which only one nonlinear object appears for large
times, at least for a sequence of time. More precisely, we define packed solutions as
follows.

Definition 1.1. A maximal solution @ = (u, 9yu) € € ([0, Tiax), H* x L?) of (1.1)
is called a packed solution if there exist (Wp, W1) € H! x L%, and a time sequence
tn — Tmax and a position sequence y,, € RY such that

T ([lu(t) ~ Wol — o)l + [9u(ts) ~ Wi( — )iz} =0. (L)
We say that W = (Wp, W)) is a cluster point for @ at (£, Yn)n.

Observe that any cluster point (Wy, Wi) is actually a bound state (¢,0). More
precisely, the following Proposition holds true.

Proposition 1.2. Let @ = (u,0d:u) be a packed solution of (1.1). Then @ €
€ ([0, +00), H' x L?) is globally defined for positive times, and if (Wo, W1) € H! x L?
is a cluster point for @ at (t,,yn)n, then Wy = ¢ is a bound state of (1.3) and
W1 = 0. Furthermore, the energy is bounded below, dyu € L?([0,+00), L?) and for
allt >0,

+oo
B() = B(@.0) =20 [ ou(s)[fads (1.5)

Notice that it is unclear whether a packed solution is globally bounded in H! x L?
(recall that from arguments of [5] — see also [4] and [9] — if p < &5, then any

global solution to (1.1) is globally bounded in H* x L2, but this is not known for
higher powers of p).

It turns out that the description of the convergence depends deeply on the bound
state. More specifically, consider the linearized operator £, of the energy around a
bound state ¢:

Ly= A+ 1= (0. (L= [ (Vo +0 - Fl@thdo (10)
RN
Due to the invariances of equations, £, always has a important kernel: denote the
Q;; are the angular derivatives that are
Qij = 2;05, — Ll?jami for 1< <j < N, (17)

and consider the vector space Z, spanned by the infinitesimal generator of the
invariance of the equation on ¢:

Z,=8pan{0;,q¢,n=1,--- ,N;8;;¢q,1 <i<j < N}. (1.8)

J



4 R. COTE AND X. YUAN

One always has Z; C ker £,. Then we define non-degenerate and degenerate state.

Definition 1.3. Let g € B.

(i) q is called a non-degenerate state if Z, = ker L,,.
(i) g is called a degenerate state if Z, C ker L.

The most relevant example is of course the ground state gy which is non-degenerate.
We will comment further on degenerate excited state in the comment paragraph
below. For now, let us simply mention one way to understand degeneracy. The
condition that ¢ is a bound state writes E'(¢) = 0 (we denote ' for Gateau differ-
entials). Then (L,v,w) = E"(q) - (v,w), so that the condition that ¢ is degenerate,
is equivalent to the fact that for some ¢ ¢ Z,, the linear form E”(q) - (¢,-) = 0.

Our first result is that if one cluster point of a packed solution is a non-degenerate
state, then the convergence holds of all positive time, and occurs with an exponential
rate. More precisely, we have the following.

Theorem 1.4. Let @ = (u,0wu) be a packed solution of (1.1), with cluster point
q € H' at (tn,yn)n- If q is a non-degenerate state, we have convergence holding
for all time and exponential decay, i.e. there exist u > 0 and zoo € RN such that

vt 20, Ju(t) = a( = zoo) | + 0u(®)]z2 < e

Next, we consider degree-1 excited states where ker L, has one extra dimension not
related to the geometric invariances of the equation (1.1) and which also involves
a condition on the third-order Gateau differentials of E, according to the next
definition.

Definition 1.5. Let g be a degenerate excited state. g is called a degree-1 excited
state if there exists ¢ € H' such that

ker £, = 2, ® Span{@} and  E”(q) - (9. 6,6) # 0. (L9)

Again, we will comment on this definition in the paragraph below, the main point
being that degree-1 excited states are somehow the simplest degenerate bounds
states.

Our second result is concerned with cluster points which are degree-1 excited states.

Theorem 1.6. Let @ = (u, Oru) be a packed solution of (1.1), with cluster point q €
HY at (tp,Yn)n- If q is a degree-1 excited state, then the convergence ii(t) — (q,0)
holds for all time as t — 400, and the rate of convergence has algebraic decay, i.e.
there exists zoo € RN such that

V>0, flu(t) = (- = zoo) s + [Beu(t) L2 S 77 (1.10)

Last, we show that the convergence rate in Theorem 1.6 can be sharp: we provide
an example where the solution converges exactly at the rate ¢t~! to the degree-1
excited state.

Theorem 1.7. Let q be a degree-1 excited state and ¢ as in (1.9). Then, there
exists a global solution i = (u,dyu) € €([0,+00), H! x L?) of (1.1) such that

|lu(t) —q — fld)HHl + |0u(t)]|z < t™P as t— 4o0.

where p = min(5/4,p — 1) > 1. In particular, the bound (1.10) in Theorem 1.6 is
sharp.
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1.3. Comments. Let us first observe that Theorem 1.4 (and its proof) holds also in
dimension 1, but of course, they are in that case a direct consequence of the complete
description [9] of global solutions in 1D (as mentioned above, excited states only
exist for N > 2). This is the only reason why we restrict to dimension N > 2. The
restrictions to N < 5 and 2 < p < % are to ensure a nice local well posedness
theory, and sufficient smoothness on the non-linearity so that Taylor expansion
make sense up to order 2. In this perspective let us remind that our analysis
encompasses the most physically relevant nonlinearity, the cubic one f(u) = u3, in
particular in 3D.

Regarding Theorem 1.4: the ground state is of course non-degenerate, but one
should keep in mind that is not so easy to construct degenerate excited states. As
a matter of fact, the constructions in [1, 25] (see also [13, 26] for the massless case)
yield non-degenerate excited states as well. This means that the scope of Theorem
1.4 is rather large and does certainly not restrict to the ground state.

We now discuss degree-1 excited states: as we mentioned, they should be under-
stood as the simplest degenerate case. Already here, very little is known, and to our
knowledge, our results are the first describing precisely the dynamics in a degener-
ate setting. From this point of view, the condition that dimker £, = dim(Z,)+1 is
very natural. Regarding the extra condition E"'(q) - (¢, ®, @) # 0, let us note that
it is generic; as we will see in Lemma 2.1 (iii), it is equivalent with E"”(q) being
non identically 0 on (ker £,)3.

It is remarquable that one already observes a drastic change in the dynamic in
degree-1 degeneracy, when compared to non-degeneracy. The convergence here is
indeed merely polynomial in time, which is a surprise: such slow rate of convergence
is usually observed due to the interaction with another nonlinear object (as in
[10, 9]), and this is not the case here. As it is seen in the proofs, the derivation of
the main bootstrap regime is noticeably more involved in degree-1 degeneracy, and
relies on the very specific algebra of the main ODE system at leading order (see
Section 3).

One setting where excited states are better understood is the case of radial func-
tions. Among these, radial bound states g are either non-degenerate or satisfy the
first condition in the degree-1 degeneracy definition (1.9): indeed, among radial
functions, the geometric kernel Z; is trivial and dim ker;,q £4 < 1, see for example
[4, Section 2.3].

All the arguments in the proofs below can taken word for word to the radial setting,
and so our results hold for any packed radial solution converging to a radial bound
state ¢ which is either non-degenerate (Theorem 1.4) or such that E(q)|(xer £,)? 7#
0 (Theorems 1.6 and 1.7).

Acknowledgments. During this research, the second author was supported by
CMLS, Ecole Polytechnique.

2. PRELIMINARIES

2.1. Proof of Proposition 1.2.

Proof of Proposition 1.2. Denote W (t) = (W (t), ;W (t)) the solution to (1.1) with
initial data W (0) = (Wo, W) and i, (t, ) = @(t, + t,2 + yy,) the solution to (1.1)
with initial data @, (0, 2) = @(t,, z +yn). We can assume that W e ([0, Ty], H' x
L?) for some Ty > 0.
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As the (1.1) flow is continuous in H' x L? and i, (0) — W(0), we infer that @, is
defined on [0, Tp] for n large enough and that

i, — W in €(0,Tp], H' x L?). (2.1)

This immediately prove that « is globally defined for positive times. Indeed, if
Thax < +00, then for large enough n, Tinax = tn +7To — Tmax + 10, a contradiction:
hence Thax = +00.

As E(@i(t,)) — E(Wy, W1) we infer from the energy dissipation identity that dyu €

L2([0,400), L?). Assume that W is not a stationnary solution. Then we can
furthermore assume that 9, W # 0 on [0, Tp] x RN, so that [|0;W||2(jo,7,],22) > 0.
In particular, from the convergence (2.1), we conclude that

10vull L2 (1, 4 +70],£2) = [Osunllz2(o,10),22) = 10:W l|L2(jo,100,22) as n — +oo.

Let t;, be a subsequence of t,, such that for all n € N, ¢}, ; >t/ + T and

1
18wl 22 (e, 1, +70),22) 2 S1OW |22 (10,70), 22

n’

There holds

1
||atuH%2([0,+oo),L2) > Z Hatu”%%[t;,t;+TO]7L2) = Z Z”atWH%z([O’TO]’LZ) = +009,

n n

which is a contradiction. As a consequence, Wisa stationary solution, which means
that for all ¢ > 0, 8;W(t) = 0 and W (t) = ¢ for some bound state ¢q. In particular,
Wy = q and Wy = 0.

Furthermore, the energy dissipation identity writes for all 0 < ¢ < t,:

E(i(t)) - E(i(ty)) = 20 / " Byu(s)|Zads.

Letting n — 400, we see that the left-hand side has a limit E(u(t)) — E(g,0), and
so yu € L3([t, +00), L?). This completes the proof of Proposition 1.2. O

2.2. Notation. Let ¢ be a bound state. Let I, be a subset of {(4,5): 1 <i<j <
N} such that

{02,9,1 <n < N;Qyujq,(i,7) € I} is a basis of Z,,.

For any (4, j) € I, and ¥ € R, we recall the Givens rotation:

1 ... 0 0 e 0
0 --- cost¥ --- —sind --- 0
Gij(9) = | : : - : > (2.2)
0 --- singd --- cosy --- 0
0 --- 0 0 o1

where cos? and sinY appear at the intersections ¢th and jth rows and columns.
That is, the non-zero elements of the Givens matrix G; ;(V) = (gnm)nm are given
by:

gnn =1 formn #14,5, g =gj; =cos¥, and g;j =—gj = —sind.

For K € N* and r > 0, we denote by Bgx () (respectively, Sgx (1)) be the closed
ball (respectively, the sphere) of R of center 0 and of radius .
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We denote (-,-) the L? scalar product for real-valued functions u,v € L?,

(u,v) := /RN u(z)v(z)de.

For vector-valued functions

— Uy — U1
U= , U= R
U2 V2

the notation (-,-) is also the L? scalar product,
(@) =Y (ur,on), @l = lualFp + uz]7e.
k=1,2
We also define p = min{3,p} > 2 (recall that the nonlinearity power p > 2).
2.3. Spectral theory of linearized operator. In this section, we introduce some

spectral properties of the linearized operator for any bound state ¢ € B.
For 6 = (0;;) € R#1a | denote the rotation

Ry = Gi1j1 (eiljl) G

Ll J#1g (ei#lq J#i1q ) .

(i,5)€lq

For (z,0) € RVN*#1a_we introduce the following transformation 72,0y linked to the
symmetries of (1.1): for f € L?,
Tz f = f(Ro(- — 2)).

Observe that for all ¢ € B, Z, is generated by taking partial derivatives of 7T, g)q
with respect to (z,0) at (z,60) = (0,0):

0 0
0z, q = *T%ﬁz,a)tﬂ(zﬂ):(o,m, Qijq = @ﬁz,a)ﬂ(z,a):(o,oy (2.3)

First, we recall standard properties of the linearized operator £,.

Lemma 2.1. (i) Spectral properties. The self-adjoint operator L, has essential
spectrum [1,+00), a finite number K > 1 of negative eigenvalues and its kernel is
of finite dimension M with M > N. Let (Yi)g=1,. x be an L? orthogonal family
of eigenfunctions of L, with negative eigenvalues (—A3)g=1,... Kk, i-e.

(Yi,Yir) = Sk and LY, = —)\zYk, A > 0. (2.4)

(ii) Coercivity. Denote 11, the L?-orthogonal projection on ker L,. There exists
¢ > 0 such that for alln € H',

K
o> lllfys = (Il + Y012 ). (2.5
k=1
(iii) Cancellation. We have, for all 11,9 € ker L, and 15 € Z,
(@112, 3) = 0. (2.6)

Proof. Proof of (i) and (ii). See the proof of [7, Lemma 1].
Proof of (iii). Without loss of generality, we first consider

Y3 = Qizq  for (4,7) € I,
For any 9 € ker £,, we have

—AY1 + 11 — f'(@)r = 0.
Consider the transformation 7 ¢y with (z,0) = (0,6) for the above identity,

—A(Tiz001) + Tz — ' (Tez00@) (Tz00t01) = 0.
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Note that, from p > 2, we can take the derivative of above identity with respect to
0;j, and then let § = 0. It follows that

F (@13 = =Adr + 1 — f(@)r = Lyt where ¢y = Q591
Thus, by integration by parts and s € ker L,

(F" (@)1, ¥3) = (F" ()13, ) = (Lyth1, ) = (1, Lytha) = 0.

Proceeding similarly for all the parameters in the transformation 7, ¢, we complete
the proof of (iii). O

As a consequence of the above Lemma, in the case when ¢ is furthermore assumed
to be a degree-1 excited state, we now choose ¢ (introduced in Definition 1.5) with
more rigid properties: namely we claim that there exists (a unique) ¢ € H' such
that foralln=1,--- | N, (i,5) € I,

(¢,02,9) = (¢,Qi;q) =0 and ker L, = Z,® Span{¢}, (2.7)

and such that
— (dallgll72) T E" (¢, 6,6) = L. (2.8)
(2.7) essentially means that ¢ is the L2-orthogonal supplement of Z,4. Moreover,
due to (2.6) and the fact that E"(q) is not identically 0 on £} (in view of (1.9)),

for such a ¢ one has E"'(q)(¢, ¢, ) # 0: and so, by considering the transformations
¢ — —¢ and ¢ — A¢, the condition (2.8) can be met.

2.4. Modulation around a bound state. Let ¢ € B be a degree-1 degenerate
bound state. Given time dependent %' functions z, 6, a, with values in RV, R#/«
and R, we denote

Q="Ti0q=q(Re(- —2)), O(t,x) =T(0¢ = ¢ (Ro(- — 2)), (2.9)
V(t,z) = a(t)®(t, z), G=fQ+V)-f@Q-f@V. (210

It will convenient to encompass both non-degenerate and degree-1 degenerate cases
at once by setting a = 0 if ¢ is non-degenerate.
For all (¢,7) € I, and (¢, 5') € I;, we denote as follows the derivatives:

@ aq) i/j/ 8\11”

v,= 2 g, =92 g 9% 2.11

J 801J J 89” Y 801‘/]'/ ( )

Finally, we introduce the exponential directions. For k =1,--- | K, we denote
A"

T, = Vi, TV =
k 7—(2,9) ks k aaija

and

+
vii =—a+/a2+ A2, (F=a+/a2+ A} and Z,;t_<<’ﬁ’“). (2.12)
if ¥

The importance of Z;t come from the following observation:
solution to the linearized (1.1) equation

9 v\ Vo
\va) — \ 20wy — Lv1 )

then with aif := (7, Z,f), there hold %a,f =vifaf.
Observe that all the function introduced are at least of class €' and have pointwise
exponential decay.

= (v1,v2) is a
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By direct computation and the definition of Givens rotations in (2.2), we have, for
aln=1,---,N and (4, ) € I,

Wi € Span{(Qi5q) (Ro(- — 2)) : (i,) € Iq}, (2.13)
02,Q € Span {(9z,q) (Ro(- — 2)) -+ , (Oxyq) (Ro(- — 2))}-
Moreover, by the chain rule, we have, for all (i,j) € I, and k=1,--- | K,
KhQ=—-2-VQ+ Y 6;T;,
(i,9)€lq
P =-2-Vo+ Y  0;P;,
(el (2.14)
Oy =—2VYp+ Y 0,77
(4,5)€lq
QWi =—2-VU+ > fpp0l
(i .4") €]y

As a consequence of (2.3), we have the following expansions for small § € R#/a.

Lemma 2.2. For |§] < 1 small, we have, for all (i,5) € I,, (V',j') € I, k =
LK andn=1,...,N,

Wij = (ijq) (Ro(- — 2)) + O (10]),

®;; = (Q;0) (Ro(- — 2)) + O (16)]),

Ty = (Q;Y%) (Ro(- — 2)) + O (19), (2.15)
02, Q = (0z,,q) (Ro(- — 2)) + O (0]),

U = (Q05q) (Ro(- — 2)) + O (16)).

If ¢ is a non-degenerate bound state, we use same notations as above for degree-1
degenerate bound states, but with a = 0 and ¢ = 0.

For future reference, we state the following Taylor formulas involving the functions
F and f, and omit its proof.

Lemma 2.3. For all s € R, and x € RN, we have

7@ +5) ~ F (@I S sl + 1P, (2.16)
F@Q+ )~ F(@) ~ F(Qs] S 2 +]sl" (2.17)
Q49 - 1@~ F(Qs = 3@ S B+ @y
FQV )~ fQ V)~ F@Q+ Vsl S +]sf,  (219)

FQ+V+s)—FQ+V)—f(Q+V)s| S|Q+ V[P~ 's* +[s[PT,  (2.20)

FQ4V48) = FQV) = F(Q+ V)= 3 11(Q+ V)| S s +1sH, (221)

where all the implied constants in the < are uniform in the space variable of Q or
V.

First, we introduce the standard modulation result around the non-degenerate state
or degree-1 excited state q.

Proposition 2.4 (Properties of the modulation). There exists 0 < vy < 1 such
that for any 0 < v < v, T1 < Ts, and any solution 4@ = (u, Oyu) of (1.1) on [Ty, T3]
satisfying

up { inf [lu(t) — (- — )l + ||atu<t>||Lz} v ()

te[Ty,To] LSERN
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there exist unique €' functions

] —» RV xRN xR#la x R#*le x R x R
to= o (2(0),€1),0(2), 5(2), alt),b(t))

such that, if we define @ = (1, p2) by

= (o) = (e e 2w la ) (i) +(2) e

(i,)€Iq

11, T

where 8 = (Bi;)i.j)er,, it satisfies, for all t € [T1,Ty],

18Ol +100)] < Nult) = gl + [10cu(®)]| 2 < 7,

2.24
O]+ 18O + la(®)] + bO)] < [ul®) = allas + 1Ou®lle <ve 22V
and for alln=1,--- |N and (i,7) € I,
(#1,0:,Q) = (1, ¥j) = (p1,P) = 0, (2.25)
(2,00, Q) = {2, Tsy) = (92, B) = 0. (2.26)

Proof. The proof of the decomposition result relies on a standard argument based
on the Implicit function Theorem (See e.g. [11, Appendix B]) and we omit it. O

Second, we derive the equation of ¢ from (1.1) and (2.23).
Lemma 2.5 (Equation of @). In the contex of Proposition 2.4, we have

Orp1 = @2 + Mod; +G1,
O = Ap1 — 1 —2apa + f(Q+V + 1) — f(Q+ V) + Mody +G2 + G,

(2.27)
where

M0d1 = (Z - é) . VQ - Z (9” - ﬁij)q/ij — (a - b)q),
(i,9)€lq
(4,9)€lq

and G = f(Q+V)— f(Q) — f'(Q)V is defined in (2.10),
G1 =az-V® —a Z éijq)ija

(i-d)Elq
Gyi= Y 0 (C-VU;)+ > Bij (4 V) = (£-V)(:-V)Q
(i-4)€l (i-d)€lq
S D S 91 LE AN PR v/ S N AT 2
(i3 Eq ()€l (=

Proof. First, from (2.14) and (2.23),
atgol :5‘tu — 3tQ — aatq) —ad
:<P2+ (Z—E) VQ— Z (01] _BU)\I/ZJ —(a—b)@
(i!j)eIQ

+az-V® —a Z éijq)ij = @9 + Mod; +G;.
(1,4)€14
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Using (2.14) and (2.23) again,
Dypa =0pu +0-VQ — Z Bij Wi — b®

(i:4)€l,
+0-VOQ— Y Bi0nV; — b0
(i.4)€lq
:attu +£ . VQ — Z Bijqjij — b(I) + GQ.
(i:4)€l4

From (1.1), (2.23), —AQ+ Q — f(Q) =0 and —Ad+ P — f/(Q)P =0,
Opu =Au — u — 2adu + f(u)
=Ap1 —p1 = 2002+ f(QR+V + 1) = f(R+V)
+200-VQ —2a Y Byl —20bP + G.
(i,4)€lq
Therefore,

Opp2 = Ap1 — 1 — 2002 + f(Q+V + 1) = fF(QR+ V) + G2+ G
+((+200) - vQ— 3 (By+208;) Uy — (b+2ab) . O
(i,4)€lq
Third, we derive the control of geometric parameters from orthogonality condi-
tions (2.25) and (2.26). Our goal here is to get an ODE system on the modulations

parameters, at leading order, with bounds on the remainder terms as squares or
higher powers of |a| and

N = |@llae + €] + B + [b]. (2.28)
Recall that we defined p = min{3, p} > 2.

Lemma 2.6. In the context of Proposition 2.4, the following holds.

(i) Control of non-degenerate directions. We have

2 =]+ 16 — B] SN? +alN, (2.29)
10+ 200 + |+ 208] S N? +|alN + |af?. (2.30)
(ii) Control of extra direction. For q be a degree-1 excited state, we have
la — b SN? + |alN, (2.31)
b+ 20 + 20:a®| S N? + |a|lN + |alP. (2.32)

Proof. Proof of (i). First, we differentiate the equality (p1,0,, Q) = 0 in (2.25),

d
O :&«0178an> = <6t<)01a 8.LnQ> + <g017at6.'l:nQ>'

Using (2.25) and (2.27),
<at()017 aan> = <M0d1a aﬂcn Q> + <G1a aﬂan>
From (2.7), (2.13), (2.15), (2.24), the expression of Mod; and change of variables,
<M0d1u aan>
—((=0-9Q.0:,Q) = Y. (0= B) (¥is, 0., Q) = (@ = 1)(@,0,,Q)
(ivj)elq

= (=0 Va.0,,0) = > (05— B) (04.00,0) + O (1 = + 10 = BI).

(i,5)€lq
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From the expression of G and (2.24),
(G100, Q1 S lal (12— €1+ 161+ 16 = 8] + |5
Sy (12— a+10-5l) + lalv.
Next, using again (2.14),
0002, Q = 0,,00Q = =2 V0, Q+ Y 00, V5. (2.33)

(i,5)€lq
Thus, from (2.24) and the Sobolev embedding Theorem,
(o1, 0002, Q1 S 8l (12 = €1+ 16+ 16 — 61 +181)
S (la—t+10-81) + A2
Combining above estimates, we have
((2-40)-Vq,01,q) - Z (9'17‘ - ﬂij) (Qijq, 0r,.q)
(.3)€l,
=0 (v (12— €1+16-B1) + N+ JalN).
This gives N inequalities. Proceeding similarly for the #1I, orthogonality conditions
(01,9;;Q) = 0 in (2.25), and using the fact that the family
{05,4,1 < n < N;Qi5q,(4,7) € I}
is linearly independent, so that its Gram matrix is invertible, we obtain
2=+ 10— Bl Sv(12— € +10—B|) + N? + [alN,
which implies (2.29), upon taking - small enough.
Second, we differentiate the orthogonality (@2, d,, Q) = 0 in (2.26),

:%<‘P27 aan> = <8t<,02, 6an> + <<P2, ataan>
From (2.27), we have

(02,0, Q) = (A1 — o1 + f1(Q)p1,0:, Q) — 2a{p2, 02, Q)
+(G2,0:,Q) + (R, 0:,Q) + (G, 0,,Q) + (Mods, 8,, Q),

0

where

R=fQ+V+¢1) - f(Q+V)—f(Qr
Based on —Ad,,,q + 0z, ¢ — f'(q)0x, g = 0, integration by parts and (2.26),

(Ap1 — o1+ f(Q)¢1, 05, Q) — 20(2,0:,Q) = 0.
Then, by the expression of Ga, (2.24) and (2.29),
(G2, 00, Q)1 S (12— A+ 10— Bl + 161+ 18]) (1] + 18] + o)
SN?(N +al +1) SN2
Next, using (2.16), (2.19) and (2.24),

IR S1FQ+V+¢1) = f(Q+V) = f(Q+V)pu| +[(f(Q+V) = F(Q))p1]
Slerl? +lel? + (VI+ VP Dlei] S lerl? + lou” + lal (|12] + [@P71) Ja.
It follows that

(R, 8, Q) S /RN (lerl* + l1 P + 1] [V]) do S N? + [al V.
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For ¢ be a non-degenerate state, we have a = 0 which implies G = 0. For ¢ be a
degree-1 excited state, from (2.18), we have

1

G- 3 (QV*

> SIVE 4 VIS (laf + laP) (25 + [#P)

It follows that

(6.0,Q) - (31"@V*.0.,0)

S (ol +1al?) [ (91 +19) 10, Qlda S ol + o]

Note that, by (2.6), (2.13) and change of variables,
1

(5" (@V?,0,,Q) =0.

Then, from (2.7), (2.13), (2.15), (2.24), the expression of Mods and change of
variables,

<M0d2aaan>
= (((+200)-VQ,0:,Q) — > (Bij +20B:;)(Vij, 02, Q) — (b+ 2ab)(,0:,Q)
(i,4)€lq
= ((0+200)-Vq,00,0) = > (Bij +2085)(Q;q, 02,9)
(i,5)€lq
+0 (7 <|€—|— 20| + |6 + 2aﬁ|)) .

Last, from (2.24), (2.29) and (2.33),

(92, 000, Q)1 S 1@ (12 = €1+ 161418 = B+ 18]) SN2V + Jal +1) SN

In conclusion of the previous estimates, the orthogonality condition (2, d,, Q) =0
gives the following,

(((+20a) - Vq,0,q) — Z (5” + 2a5ij) (944, 02,,9)
(i,4)€l4
+0 (7 (1E+ 200 + 18+ 208]) ) = O (N +[alN" + [af + |al?) .
Proceeding similarly for the orthogonality conditions (@2, $2;;Q) = 0 in (2.26) and

using again the fact that family {9,, ¢,1 < n < N;Q;,q, (i,7) € I} is linearly inde-
pendent, we find (2.30) for « small enough.

Proof of (ii). We prove (2.32); the proof of (2.31) is same as (2.29). We differentiate
the orthogonality (@2, ®) =0 in (2.26),

d
0 Za@%@) = (Oup2, @) + (2, 0, ®).

Using again (2.27),
(Orp2, @) = (Ap1 — o1 + f(Q)p1,®) — 2a(p2, D)
+ (G2, ®) + (R, ®) + (G + Mods, D),

where

R=fQ+V+¢1) - f(Q+V)— [ (Qr.
From —A® + & — f/(Q)® = 0, integration by parts and (2.26),

(Ap1 — 1+ f1(Q)p1,®) — 2a{ipa, ®) = 0.
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By the expression of Ga, (2.24) and (2.29),
(G, )] < (12 1+ 10— 81+ 161+ 181) (6] + 18] + [bl) S A
Recall that, from (2.16), (2.19) and (2.24),
IR| S lo1? + loal? + lal (|@] + @[P71) [i0a].

Based on above inequality and the Sobolev embedding Theorem,
(R, ®)] S /RN (lea? + ln[” + laf (1@] + [@[P7) [01]) |@]dz

S N85 + 1215 + lalll @l S N + [alN.
Then, from (2.18) and p > 2,

L@y

; SIVE 4 VI S (af + laP) (2F + |2P)

o

It follows that
1
(G- 35" @V2.8)| S (ol + ) [ (1 10P) o S Jaf + ol

Note that, by our normalization choice for ¢ (2.8), and a change of variables,
1 a?
(5/(QV?, @) = TE"(q)(6,6,6) = ~200]]"
Thus, from (2.7), (2.13), the expression of Mods, the above estimates and change
of variables,

(Mods +G, @)

~(b+ 20)(@,8) + (1 f @V, ®) + (G -
= —(b+2ab+200°) (¢, ¢) + O (laf* + [al?) .

Last, from (2.14), (2.24), (2.29) and the Sobolev embedding Theorem,
02, 00 S @l (12— €1+ 10— 81+ 1] +181) SN2 N + Ja] +1) S N2

@V, )

Combining the above estimates, we have

(b+ 2ab + 20a?) (¢, ¢) = O (N2 + |a|N + |af* + |a|?)
which means (2.32). O
Last, we derive the control of exponential directions.

Lemma 2.7. Let ak = <<p,Zi Y fork=1,--- /K. Then

SN? 4 a? (2.34)

‘ ak _Vkak

Proof. By (2.27),

30 =07 Z) +(8,0.7)
=(Ap1 = o1+ F(@)pr, Te) + (G = 20) {92, o) + (R + G, Ty)
+ (G Mody +Mody, Yi) + (i Gy + G, T) + (&, 0uZ;7)-
From \; = V;tcki, L,Y) = =AY} and integration by parts,

(Apr = o1+ f1(Q)p1, k) = (o1, (A = 1+ (@) Ti) = v G (1. T).
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Combining above identity with uki = C,;t — 2« and the definition of a%,

(Apr =1+ £ (@1, Te) + (GF = 20) (02, Tk)
= v (G e Th) + (w2, Th)) = v air -
Recall that, from (2.16), (2.17) and (2.19),
BRI+ G S lon* + [er P + VI + VP

Therefore, by the Sobolev embedding Theorem, and as Y} is exponentially local-
ized, we have

(R+G,Tr)| S / (1 +ler” + [V + [VIP) | Tel do S N? +a®.
RN

Note that, from (1, Ys) =0 for any ¢ € ker L, and k=1,--- , K,
(¢if Mod; +Moda, Ty) = 0.
Next, by the expression of G1, Ga, (2.24), (2.29) and (2.30),
(GG + Gay i) S (12— €1+ 10— Bl + 16+ 181) (1 + 18] + lal + [o])
SN N +lal) (N +a| + 1) SN? +a?
Last, from (2.14) (2.24), (2.29) and the Sobolev embedding Theorem,

(#2285 [ (el +leal)10Tulda
Sl (12— €1+ 16 = B+ 161 +18]) SN (N +la] +1) SN2

Gathering these estimates, and proceeding similarly for all k = 1,--- | K, we ob-
tain (2.34). O

2.5. Energy estimates. Let ¢ be a non-degenerate or degree-1 excited state. For
1 > 0 small to be chosen later, we denote p = 2 — i, and consider the nonlinear
energy functional

£ :/N {IVer + (1 = p) gt + (02 + pepr)? } da
: (2.35)

=2 [ {FQ+V+9) = FQ+ V)= f(Q+V)pr}da.

Analogous energy functionals were introduced in [10, 9], in order to take full ad-
vantage of the damping of (1.1), as is shown in the Lemma below. Recall that in
the previous paragraph, in (2.28), we set

N =@l + €]+ 18] + [b].

Lemma 2.8. In the context of Proposition 2./, there exist 0 < g < 1 and 0 <
1 < ming 4 (1, o, vif) such that the following hold, for all t € [Ty, Tb).

(i) Coercivity and bound.

K
ull g =Y (@) + (a)°) <€ <t (2.36)
k=1

(ii) Time variation.

%5 +2uE < p~t (NP +aN). (2.37)
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Proof. Proof of (i). First, from (2.20) and the Sobolev embedding Theorem,
[ PQ+V 401 = F@Q+V) = fQ+ V)i da

S [ 1@+ VIl + eal e < 1915+ 115

It follows that the right-hand side of (2.36).
Second, from the definition of £ in (2.35), we decompose

E=(—Ap1+¢1— [(Q)e1,01) — pulp1, p1) + &1+ E2 + &,
where

&= [ (eatupde, ga=- [ (FQ+V)- @),
RN RN
fa==2 [ {F@+V+p)=FQ+V) = fQ+V)er -~ 5@+ V)pt)do

By (2.5) and (2.25),

K
(—Ap1 + 01— F1( @1, 1) = cllerllFn — D> ((a)* + (a;)?) -

k=1
From the AM-GM inequality, we have

1
& =/ (02 + pp1)? dz > */ pida — u2/ pida.
RN 2 Jgpn RN
Then, using (2.16), (2.21), (2.24) and the Sobolev embedding Theorem, we have
&5 [ (VI VP orlde 5 (0457 1915
&5 [ (ol + lealP ™) de S 1915 + 1915
Combining the above estimates, we have
1 K
£ (e pn—12) lorllin + Lllealids — D ((@)? + (a)?)

k=1
-1 - -
+0((20+87") 11, + 112113

which implies the left-hand side of (2.36) for 79 > 0 small enough and g > 0 small
enough.

Proof of (ii). By direct computation and integration by parts, we decompose,

%5 =2/ dpr{ — Apr + (1= pu)pr — [f(Q+V + 1) — f(Q+ V)] }da
]RN

- 2/RN {FR+V+¢1) = fQ+V) = f(Q+V)e1) (8:Q +V)} du

+ 2/N {(p2 + 1) (Orp2 + pdppr1)} doe = Iy + I + Is.
R

Estimate on Z;. We claim

L:—Q/RN{A%—<ﬂ1+[f(Q+V+s01)—f(Q+V)]}sO2dﬂ?

(2.38)
- 2p,u/ prpadz + O (N + a|N?).
RN



ASYMPTOTICS OF DAMPED NLKG EQUATION 17
By (2.25), (2.27), —AMod; + Mod; —f'(Q) Mod; = 0 and integration by parts,

=2 [ (Bt (1= pgr = [FQ+V +91) = F(Q+ V)]} pade
R
+Tig+ Lo+ T3+ T4,

where

Iy = —Q/RN [Ap1 — (1 = pp)p1] Grda,

Tia= -2 [ @+ 1)~ FQ+ V)] G,

Tia= =2 [ [(£(Q+V) - (@) 1] Mod da.

D=2 [ 1(@+V )~ FQ+V) = F(@+ V)] Mody do
Using (2.19), (2.24), (2.29) and integration by parts, we have

Tl 5 [ (G +[Ga) lpalde

S L (12— €1+ 10 = 81+ N) S 1alAZ (N + lal +1) S JalA?,
Tial 5 [ 1@l + eaP e

S1alV (12 = 6418 = Bl + N) S 1ol (W + Ja] +1) S [alA.
Then, using (2.16), (2.19), (2.24) and (2.29), we have

Tial < [ (VI+1VP) orl| Mods o

S Il (1ol + o) (12 = £+ 18 — Bl + o — b])
SN2 (la] + [alP™Y) (N +|a]) SN+ |a|N2,
and

|Z1 4

S [ (G loal) [ Moda do
RN
S V2N (12— €1+ 16— Bl +la—b) SN (V2 +NP) (W + Ja) S N

Gathering the above estimates, we obtain (2.38).
FEstimate on Zy. We claim

|Zo| S N2 (2.39)
By (2.14),

&gQ + 8tV =—(- VQ + Z 57;]‘\:[/2']' + bd — M0d1 - Gl.

(i,9)€lq

Based on above identity, we decompose
Io=1y1 +I22+13+1 4+ 1y,

where

1-271 = 2/
RN

Iro = 2/
RN

fQ+V+¢1) = f(Q+V) = f(Q+V)p1) (—b®) dz,
(fR+V+¢1) = f(R+V) = f(Q+V)g1) Gidz,
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and

Do =2 [ (@Q+V+01) = FQ+V) = F(Q+V)er) Mod da,
Toa=2 [ (HQ+V+e) = F@+V) = F(@+V)e) (¢ VQ)d.
Ls=-2 3 Oy [ (FQ+V+p) = FQ+ V)~ F(Q+ V)en) Wi,

(4,9)€lq

From (2.19) and the Sobolev embedding Theorem,
Zal SB[ (6 + el @lde S AP,
R

Using (2.19), (2.24), (2.29), (2.31) and the Sobolev embedding Theorem, we have
Lol S [ (A +1orP) [Gildo
R

(W2 + A7) (Il + lallz = €] + |alld - 81)

<
S N2+ NP) (lalN + [alV (Ja] + M) S N7,

Tosl < / (&2 + o1 P) | Mod, |de
RN
< (N + NP (z—é|+|éfﬂ|+|a—b|)
S (V2 4+NP) (la] + N)N S N3,
Tl < / (&2 + loa]?) |0~ VQldz < AP,
RN

and

Lsls 3 [ (G leal) 1Bl de S A
(iet, 7B
Combining above estimates with (2.24), we obtain (2.39).
Estimate on Z3. We claim

Zs :—2p8+2/RN {Apr =1 +[f(Q+V + 1) = f(Q+V)]} pada
(2.40)

+2pu/ solwzdx*?(p*u)/ (2 + pp1)?dz + O (NP + a®N) .
RN RN

By direct computation and (2.27), we decompose,

zgz_zuuz/w{ml—sol+[f<@+v+so1)—f(Q+V>]mdx

- 2pu/ p1padz — 2(p — u)/ (¢2 + pep1)’dz
RN RN
+I31+ 130 +1I33+ 134+ 135,
where
I3, = 2/ (2 + ppr) Gdz,
]RN

T30 = Q/N (2 + pep1) (Go + pGh) de,
R

133 =2 /N (¢2 + pp1) (Mods +u Mody ) da,
R
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and

Toa =2 [ (HQ+V+00) = FQ+V) = F(Q+ Vil rda,

Tus =~ | [F@+V +¢0) = FQ+V) = @+ V)1 = 5@+ V)t da.
Using (2.17),
Zual S [ (sl + ) Vido S a2
RN

Next, from (2.24), (2.29) and the AM-GM inequality,
Taal < [ (1l + loal) (Gal + [Gal) da

SN (laf + bl + 16 +181) (12— €1+ 16 = Bl + |e] +15])
SN? (la| + N) (N + a| +1) S a®N + N3,
Note that, from (2.25) and (2.26), we have
3,3 = 2{p2, Moda +1 Mod;) + 24{p1, Mods +1 Mod; ) = 0.
Last, from (2.19), (2.21) and the Sobolev embedding Theorem,

Zal S [ (o + le1P) loalde S A + AP,
R

| Zs,5] < /N (lpaf® + @1 [PHY) dao S N3 + NPHL
R

Gathering the above estimates, we obtain (2.40).
Last, combining (2.38), (2.39) and (2.40), we conclude (2.37). O

We observe from the definition and the energy property (1.2) that a packed solution
u with degree-1 excited state cluster point ¢ satisfies

lim E(id(t)) = L /RN (IVq|> + ¢* — 2F(q)) dz = E(q,0). (2.41)

t—o0 2

More precisely, we expand the energy for a solution close to degree-1 excited state.

Lemma 2.9. In the context of Proposition 2.4, for the case q be a degree-1 excited
state, we have

E(a)

2 _
E(q,0) + ga||<;>||2L2a3 + 0 (N? + [a|PT). (2.42)
Proof. By (2.23) and an elementary computation, we find
[ul? = |QI* + [VI* + o1” +2Q(V + ¢1) + 2V gy,
Vul> = |[VQI* + |VV > + V1> + 2VQ - V(V + ¢1) + 2VV - Voy,

and

F(u) =F(Q) + [V + 1) + 5/ (QUV + 9 +2Vip1) + £/ (QV

FRQ+V 491~ F@Q) ~ FQV +¢1) ~ 57 (QV +¢1)?
— QW+ )+ Q) (V) - V).
Based on the above identities and change of variables, we have

1
E(d) = E(q,0) — 6 Jon f"(Q)\V?*dz + Ey + By + E3 + E4 + E5 + Eg,
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where
1 2 2 / 2

B = i/w (IVVE+ |V = F(Q)V?) da,

By = /RN (VV - Vo1 + Vo — f((Q) V1) da,

B3 = %~/RN (IVerl? + lea* = F(Q)T + (91w)?) da,

Bi= [ (VQ- 90V +01)+ QW+~ FQUV + 1)
and

=5 [ QU+ -V o

By=— | (F(Q V) - F@Q) - FQV + 1)
RN

- SIQW + o) = QU 1)

First, from (2.8) we have

E///(¢a ¢7 d)) = —4Ck||¢||%2

Therefore, by change of variables,

1 3 2
— | FQVide = =T E"(6,6,) = Zal¢]F-a’.
6 Jan 6 3
Then, from —A®P + & — f/(Q)® =0, V = a® and integration by parts,
2
B = CL/ (—AD + & — f/(Q)d) ddz — 0,
2 Jax

Ey = a/ (—AD + & — f(Q)P) p1dz = 0.
RN
By the Sobolev embedding theorem and the AM-GM inequality,
B3| S 1515 + 1617 + 18* + b2 S N2
Next, from integration by parts and —AQ + Q — f(Q) = 0, we have
Bi= [ (-8Q+Q-J@)(V+ e =0
RN

Last, from the Sobolev embedding Theorem and the AM-GM inequality, we have
B 5 [ @IV + VIt + ll?) do S af + A2,
|Es| < / (\V+<p1|4 + |V + L)01|:v+1) de < a* + |afPtt + Nt + NP
RN

Gathering above estimates, we find (2.42). O

2.6. Time evolution analysis. We introduce new parameters and functionals to
analyze the time evolution of solutions in the framework of Proposition 2.4. It is
convenient to consider together all the damped components, as follows:

K
S=P+IB7+D (a;)*+b* and F=E+u'S. (2.43)
k=1
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We also define the unstable component:

A=) (af)?. (2.44)
k=1

Finally, for the analysis of the main ODE system in the degree-1 degenerate case,

we will crucially relie on the following quantities
200 4

b 1
Ri=a+ % and Ro = 5@ + %ab2 + a?b. (2.45)

Indeed, Ry and R, enjoy monotonicity related properties as it is made explicit in
the following lemma, in which we also rewrite the estimates of Lemma 2.6, 2.7 and
2.8, using our new notations.

Lemma 2.10. In the context of Proposition 2.4, there exist Cy > 1 such that the
following hold.

(i) Coercivity and bound. We have
Co'N? < F+p A< CoN? (2.46)

(ii) Liapunov evolution of Ry. We have

L <o )
%RQ + aa* < CoN3, (2.48)
%Rl +a®| < Co (N + [alN + |af?) . (2.49)
(iif) Damped evolution. There exists vy > 2u such that
%S + 118 < Cy (N? +a®N), (2.50)
%f+2uf< Co (M? +a’N) . (2.51)
(iv) Exponential growth. There exists vo > v3 > 2 such that
%A — 1 A< Cy (NP +a°N), (2.52)
%A —v3A > —Co (N? +a°N). (2.53)

Proof. Proof of (i). Due to the bound from below in (2.36),
F ot p A pll @l + w7 (107 + 1817 +6%) 2 N
Now |aif| = (5, Z';t>| < || Bllw < N, so that using the bound from above in (2.36),

K
Fu ASEHUP+ (B +07+) (a)* + (af)* SN
k=1
Proof of (ii). First, from (2.31) and (2.32), we have

d _ . b _ 2 2 3 p
SR =t = —a® + ON? + [alN + [af? +|a]).

Based on (2.24), the above estimate and the AM-GM inequality, we obtain (2.47)
and (2.49) for Cy large enough. Second, using again (2.31), (2.32), we compute

d d

ga?’ =3a’b+ O (a®N? + |a’N) , g (ab®) = —daab® + O (N? + |a|’N) ,
d

&(aQb) = —2aa’ + 2ab® — 20a®b + O (N + [a’N + |a|® + [a|PT?) .
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Combining the above estimates, we infer

d 2ad 4 1d, ., d, ,
SRy = 2 — = (ab?®) + = (a?b
a3 ar” t e ® )+dt(a )

= —2aa*+ 0O (N3 +|al’N + |a]® + |a|p+2> )

Using the AM-GM inequality (to see |a]’A” < N°/2 4 |a|®, a®?N? < N3 + [a|®), and
as p + 2 > 4, this implies (2.48) for Cj large enough.

Proof of (iii) and (iv). The estimates (2.50), (2.51), (2.52) and (2.53) are conse-
quences of (2.30), (2.32), (2.34), (2.37) and taking 0 < p < ming +(1,q,v) in
Lemma 2.8. ]

3. PROOF OF THEOREM 1.4 AND THEOREM 1.6

In this section, we prove Theorem 1.4 and Theorem 1.6. First, we prove the follow-
ing trapping Proposition for packed solution.

Proposition 3.1. There exists 6o > 0 such that the following holds. Let @ =
(u, Oyu) be a packed solution of (1.1), with cluster point (q,0) where q is a non-
degenerate state or degree-1 excited state. Due to Proposition 1.2, for any 0 < § <
0o, there exists Ts > 0 and &5 € RY such that

1

(oo}
[u(T5) — q(- = &)l + 10u(t)]] 2 + {/ ||5tu(f)|i2df] <. (3.1)
Ts
Then @ admits a decomposition as in Proposition 2.4 for allt € [Ts,c0) and satisfies

Vit = Ts, ult) = a(- — &)l + [0u@)] 2 S 67 (3.2)

Proof. For § < =~ small enough, the existence of Ts is a direct consequence of
Proposition 1.2: @(Ts) admits a decomposition as in Proposition 2.4 and satisfies

|2(Ts) — &+ |0(Ts)| + |a(Ts)| + N (Ts) < 6. (3.3)

For a constant C' > 1 to be chosen later, we introduce the following bootstrap
estimate

|z — &) 4161 <67, |a| < C8%, N <O, A<L2082 (3.4)

Set

T* =sup {t € [Ts,00) such that (2.22) and (3.4) holds on [T5,t]}.
We prove that T* = oo by strictly improving the bootstrap assumption (3.4) on
[T5,T*) (upon chosing C' large enough). In the remainder of the proof, the implied
constants in < or O do not depend on ¢ nor on the constant C' appearing in the
bootstrap assumption (3.4). Recall that, in the case when ¢ is a non-degenerate
state, we denote a = b = 0.

Step 1. Preliminary bounds. Let t € [Ts,Ty). Integrating (2.53) on [Ts,t], and
using (3.3), we have

t t t
A(s)ds SA®t) + | N3(s)ds+ [ |al*(s)ds

Ts Ts Ts

t t
<o +05 [ N2s)ds + ot / a%(s)ds,
Ts Ts
Similarly, integrating (2.51), we get
t t t
F(s)ds SIF@) + |F(T5) + | NP(s)ds +/ lal®(s)ds
Ts

Ts Ts

t t
<C?24+05 | N*(s)ds + C63 / a?(s)ds,

Ts Ts
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and integrating (2.47), there hold
1

t t
2 / a®(s)ds — Cy | N?(s)ds < Ru(Ts) — Ru(t) S €65 + C0.
2 Ts Ts

Now recall that due to the coercivity (2.46), F + p~'A > C5 ' N2, hence

/T (N?(s) + a®(s)) ds

< / a?(s)ds — Cy [ N?(s)ds + Co(Co + 1)/ (F(s) +p tA(s))ds

Ts Ts Ts
t t

<SO854+ C5+C22+C5 | N?(s)ds + €53 / a?(s)ds.
Ts Ts

Taking 0 < 0 < 1 small enough, we infer

t
/ (NV2(s) + a(s)) ds < O3 + CF 4 C?5% < C63 + C262,
Ts

Step 2. Estimate on z and 0. By (2.29) and (2.30), we have

z(t)—§5+g(t)’+‘9(t)+£(t)

|2(t) — & +10(t)] < % 2a

+ 6]+ 16@)]

t

SN () +N(Ts) + |2(Ts) — &s| + |0(Ts)| + / (N?(s) +a®(s)) ds

Ts
< C6+ 083 + 0252,
which strictly improves the estimate (3.4) of z and 6 on [T5, T*) for § small enough.

Step 3. Estimate on a. Due to the energy dissipation (1.5) and the initial assump-
tion (3.1), note that we have

E(g,0) < B(a(t)) < E(q,0) + O(8%).

Using the expansion of the energy (2.42) (and the bootstrap bounds (3.4)), we
deduce that
|a|3 552+N2+a4+|a|p+1
< 0262 4 OPtlgE(p+l),
It follows that .
la| <63 + CF65 "5 55@HY),
which strictly improves the estimate (3.4) of a on [T5,T*) for C large enough and
0 small enough.

Step 4. FEstimate on N'. Under the bootstrap assumption (3.4), estimate (2.51)
writes
d
d¢
Let t € [T5,T*). Integrating the above estimate on [T, t], using also the initial time
assumption (3.3), yields

F +2uF < 0355 + 363 < 0365,

t
]:(t) g e—2#(t—T5)]:(T5) + CS/ e—2#(t—s)6%d8 5 52 + 035%. (35)
Ts

We now use once more the coercivity (2.46), the bootstrap estimate (3.4) on A so
that the estimate (3.5) above gives, for C' large enough

N2(t) S F+ A< 6%+ C365 + 052 < 2062
This strictly improves the estimate (3.4) of A on [T, T*).
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Step 5. Estimate on A. Let us first rewrite the estimates (2.50), (2.52), (2.53) in
the context of the bootstrap assumption (3.4): for all ¢ € [T5,T%),

%3 + 1S < Co (035% n 0353) < CoC36%, (3.6)
%A A< C (035% + 0353) < CoCP63, (3.7)
%A A= G (035% n 0353) > _C,CR55. (3.8)
Then for t € [T5, T*), we have (integrating (3.6) on [T, t])
S(t) < e =T g(Ts) + C3 /T t e 2=5) 55 ds < 62 4+ C365. (3.9)
s

We now prove by contradiction that for C' large enough, it holds
Vt € [Ts5,Ty), A(t) <2062 (3.10)
For the sake of contradiction, assume that there exists ty € [T5,T*) such that
Al(ty) =2C6%  and for all t € [Ts,t2), A(t) < 205>
On the one hand, by continuity of A, there exists ¢, € [Ty, t2] such that
A(t1) = C6? and for all t € (t1,t2), C6* < A(t) < 2062 (3.11)

For t € [t1,to], divide (3.7) and (3.8) by A (using (3.11)), and then integrate on
[t1,t2]: it follows that

log 2 1 log 2 1
B2 L O(C20%) <ty — 1 < B2 1 O(025%). (3.12)
V2 V3
Therefore, using (3.11) again
log 2
/ A@)dt > C8(ts — 1) > C82 ( B2 L 0(C25% )) (3.13)

On the other hand, by the definition of 9 in (2.23) and the bound on S (3.9), for
any ¢ € [t1, 1]

lea(DF2 < 19su(®)72 + () S [9u(t)l|z2 + 8% + C?55.
Thus, from (3.1) and (3.12),

t2 t2 7 7
/ |\ap2(t)||%2dt,§/ (IBeu(®l3: +0> + C2%) at < 8 + O%6%. (3.14)
t1 t1

By the definition of af, we have

aif = G, Ti) + (02, Th),  aj = ¢ (o1, Ti) + (@2, Ti)

and thus forall k =1,--- | K
- _
PRy ol
k Cr

from where we see that 4 < S + ||¢2]|3.. Gathering estimates (3.9) and (3.14), we
find

<3027Tk>7

to ta to
Af)dt < [ Styde +/ pa(t)]|22dt < 82 + C365,
t1 ty t1
which is a contradiction with (3.13) for C large enough and ¢ small enough. This
proves (3.10), and this strictly improves the estimate on A
Step 6. Conclusion. As a consequence of improving the bootstrap assumption (3.4)
on z — &, 0, N and A, we conclude that T™* = oco.
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Finally, from (3.4), we know that, for all ¢ € [Ty, +00),
[u() = q(- = &)l mr + |10ru(t) | L2
S lu®) = Q)| + Q1) — (- = &)l + [|0ru(?)| L2
SN(@) +la(t)] + |2(t) = &+ 16(1)] < 62 + €85 + 6,
which implies (3.2) for § small enough. The proof of Proposition 3.1 is complete. [

Remark 3.2. Observe that the proof of Proposition 3.1 actually proves that
0(t),a(t),N(t), A(t) -0 as t— +oo,

a fact that we will use in the proofs of Theorem 1.4 and 1.6.
End of the proof of Theorem 1.4. We assume here that ¢ is a non-degenerate bound
state, and prove exponential convergence. Recall that, in this context, we have set
a=b=0.
First, from Proposition 3.1, we know that, for any 0 < § < 3, there exists T} > 1
and & € RY such that, # admits a decomposition as in Proposition 2.4 for all
t € [Ty, 00) and satisfies

lu(t) = q(- = &)l + 10pu(t) L2 + |2(t) — &+ [0@)| + N(t) <d.  (3.15)
Step 1. We claim that

vt > Ty, Ft)+ptAR) < —p (F) + pA®R)) - (3.16)

7 (
This will implies exponential decay of F+ u~!A. So as to prove the above differen-

tial inequality, it is convenient to introduce the auxiliary quantity A := A — 62 F.
First note that, from (2.46) and (3.15),

N3(t) < ON?(t) < 6Co (F+putA). (3.17)
AS a consequence,
A=(1+0u YA=65 (F+p'A) < (1+03p A

(
Therefore, using the evolution equations (2.51) and (2.53) for F and A, and in view
of (3.17),

d - d 1 d 1 1 _ 1
A= Z A= ZF > (v 20% ) A+ 2p6% (F 4 p ) — (14 55 CoN®
> (vs —20%) A+ (200} = 0C3(1+04)) (F+p'A) > %ugfi,

where 6 > 0 is so small that
(yg - 25%) > %ugu +o2uY), 2u8% — 5C2(1+62) > 0.
Integrating on [t, s] C [Ty, 00), we get
A(t) < e2vs(t=5) 4 s).

(
We now take the limit s — co and using that A(s) is bounded due to (3.15), we
obtain that A(¢) < 0, that is

Vi e [TF,00), A(t) <O3F(t) <07 (F(t) + ptA1)). (3.18)
Combining (2.51), (2.52), (3.17) and (3.18), we have

d . d . d
dt(}'—HL A)—dt]-'Jru th

< 2u(F +pu A + (e +2)A+ Co(1+ p HN3
< (=204 0% (v +2) +0C31+p7h) (F+u'A),
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which implies (3.16) for § small enough.
Step 2. Integrating (3.16) on [T, t] and using (3.15), we have
(F+ptA) (1) < e H(t=T5) (F+ptA)(T)) S §2eH=T5),
Recall once again (2.46): it follows that
N2t S (F+p LA () Sem. (3.19)

Now we can integrate (2.29), using (3.19) and recalling that a = 0: this proves that
there exists 2o, € RY such that 2(t) — 2z as t — 400, and

V> Ty, |2(t) — 2ac| + [0()] < / N(s)2ds < e, (3.20)
t

Gathering estimates (3.19) and (3.20), we obtain

[u(t) = 4(- = zo0) [ 11 + [[Oru(t)]| 2
S llu(®) = Q)| ar + Q) — ¢ = 2o0) 1 + [[Oru(?) || 2
SN(t) + [2(t) = 200| +10(1)] S 7.

The proof of Theorem 1.4 is complete. O

End of the proof of Theorem 1.6. We here assume that ¢ is a degree-1 excited state,
and prove algebraic convergence of @ to (g, 0).

As earlier, we know from Proposition 3.1, that for any 0 < § < 67, there exists T >
1 (we can choose Ty = Ts2/5) and & € RY such that, @ admits a decomposition as
in Proposition 2.4 for all t € [T, 00) and satisfies

lu(t) = a( = &)l + [10u(B)ll L2 + 12(t) — & + la(B)| + 10(0)] + N () < 6. (3.21)
Step 1. We claim that there exists C; > 1 (independent of §) such that
VE>TE,  A(t) < CLo% (a(t)? + N()?). (3.22)

Again, we consider an auxiliary quantity, which is here A := A — §1F — § 2 R,.
From the evolution equations (2.48), (2.51) and (2.53) of A, F and Rz, we bound

d
dt
> 2ud7 (F+ptA) + (vs — 251) A+ 0 2 aa’
—Co(1+0672 +65)N? —C (1 + 6%) a’N.
> 2255 N? + (v5 — 209) A+ 6 2 aa* — 3Co6 T N® — 2C,a*N.
Notice that from the AM-GM inequality, we have
2a*N = 2(a?5 716 )(N'616) < a6~ 5 + N265, (3.23)

d . d s . d
A= TA-GI T F -5 TR,

so that, rearranging the terms in the preceding inequality, we get
d - 1 1 3 1 1 3
TA> (2,&51 —3C07% — 005%) N? 4 (vy —265)A+ (6720 — 6 5Cp)a > 0,
where J is so small that
24257 — 3Cp0% — Cp65 >0, 1, —26%1 >0 and 6 2a—6 5C, > 0.

Now, from Proposition 3.1, we know that fl(t) — 0 as t — co. As we just showed

that A is non decreasing on [T}, 00), we hence conclude that for all ¢ > T, A(t) < 0,
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or equivalently (due to the definition of A), that for all ¢ > Ty,

A(t) < OTF(t) + 6 T Ro(t)

i 1 (2 2 o3 2 2
SOTF({)+62 (o +1)a®+ — (a® + N?),
3 2a

As F <N, this implies (3.22) for ¢ small enough.
Step 2. We claim that there exists Cy > 1 (independent of §) such that,

VE= Ty, |a@)| < Co((t—T5+0 ) +N(@)). (3.24)

We use yet another auxiliary quantity, namely Ry := Ry + 202~ (F+ptA).
Note that, from the AM-GM inequality and (3.21), there exists Co > 1 such that

R? < 2R+ 0 (M) < O(a® + N?). (3.25)
Furthermore, using the evolution equation (2.51) and (2.52) for F and A, we have

d

o P A <20 (F 7 A) + (1 +2A+ Co (L+p77) WP +a%N)

< —p (F+ ptA) + 001 (a® + N?))

where we also used (3.21) and (3.22). Therefore, using the evolution equation (2.47)
for R1, we deduce that,

ds _ 4 2 14 -1
dtRl = dtRl +2C5 1 1 (.F‘F/.L .A)
1 1
< —§a2 + CoN? +2C5 = (—pu(F + = A)) + O(67 (a® + N?))
1 .
< —§a2 — CoN? 4+ 0(61(a® + N?)).

(We used the coercivity estimate (2.46): F+u~'A > C; ' N, and also that [b] < N).
For § small enough, we infer that

d ~ 1 Co =
&Rl < —1a2 — 7./\/‘2 < _CQR%.
for some universal constant ca > 0. Recall now that from Proposition 3.1, Ry (t) —
0 as t — +oo, and therefore, after dividing by R?, and integrating on [T5,t], we
obtain N
VE>TF, O<SRi(t)S(t—TF+6 5L

(Notice that ﬁl(Tg) < 4, in view of (3.21)). It can be rewritten as
b(t
—2Cou~2 (F(t) + p L A1) < alt) + 2(—03 SE-T;+67H)7h
As |b], F + p~ LA <N, this implies (3.24) for Cy large enough.

Step 3. Conclusion. Now we prove the algebraic decay rate by a bootstrap argu-
ment. For C3 > 1 to be chosen later, we introduce the following bootstrap bounds

% N(@) < Cs

] < ——
la(®)] (t—TF+061) (t—T; +061)

(3.26)
Let

T** =sup {t € [T5,00) such that (3.26) holds on [T}, t]}.
We will prove that T** = +oo by strictly improving the bootstrap assumption (3.26)
on [Ty, T**), upon choosing § small enough. In this bootstrap, the implied constants
do not depend on § and C3, but can depend on Cy, C1, Cs.
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As |a(T3)| < 6 and N(Ty) < § due to (3.21), the bootstrap estimate (3.26) holds
(strictly) at t =T, and so T** > T}
FEstimate on a. From (3.24) and the boostrap estimate (3.26) on N, we have
1 C3(C5+1)
<O [ —————— +N@) ) g 23T
la®)] < C2 <t—Tg+6—1 + M )> (t—TF+0°1)
which strictly improves the estimate (3.26) on a for taking C3 large enough (de-

pended on C5).
Estimate on N. First, we claim that

1
(t—T5 +0-1)%
Indeed, using (3.21) and the bootstrap bound (3.26), the evolution equation (2.51)
on F writes

Vi e [T, T), F(t) < (3.27)

e e d 5C2(C2 +1)
vt € [T, T*), &f+2ufgcof\/(a2+f\/2)5m.

Let t € [Ty, T**), and integrate on [T, t]: for § small enough (dependent on Cl),
this gives
t 22
ou(t—Tr out_sy C3(CE+1)ds
F(t) <e 2u(t—Ty )]_- TH 4+ 6 e 2u(t—s) 3\V3
sC3(C3+1) 1

(t—=TF 4612~ (t—TF +61H%
which means (3.27). Therefore, from the coercivity estimate (2.46), combining the

bound (3.22) and (3.27) on F and A that we just obtained and the boostrap bounds
(3.26), we get

S 526_2M(t_T‘;) +

N2 < F i A< 1 0iC3(CE+ 1) _ 1 7

~ M -Ty 4072 (t-TE 4072 (t-Ty 4+ 071)2
which strictly improves the estimate (3.26) of A/, upon § small enough.
As a consequence of improving the bootstrap assumption on a and A/, we conclude
that T** = oo.
Finally, it suffices to bound the geometric parameters. First, recall the equation
(2.30) on ¢ and f: proceeding as for F (using (3.26) for t > T;), we get that

1
(t—T; +1)%

Then we consider z and 6: using the above estimate and (3.26), the equation (2.29)
now writes

V> Ty, )] +[8(t)] S

1
(t—TF+1)%

. . 1
0] < 16— < 2 < -
0110 =81+ 181 S 18I+ N +1alN £ ey

E < 2= €+ 10 S el + N + |alV S

This proves that z(t) = z. as t = +0o, and that
1
Vit > Ty, t) = Zoo| S ———.
10~ 2l S ey

From Proposition 3.1, we already know that 6(¢) — 0 as t — 400, and we obtain
as for z the convergence rate
1

V=T, 0()] S ———.
P OIS ey
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Finally, gathering the above estimates, we conclude that for all ¢ > Ty,
[u(t) = (- = zo0) [l + [|Ou(t) | L2
< lu() = QW)lla + Q) — ¢ — 200 [ 1 + [[Oru(t) || L2
1
< t t t) — o) < ——.
SN+ la(O)]+1200) = 2ol + 100 S 7y
The proof of Theorem 1.6 is complete. O

4. PROOF OF THEOREM 1.7
In this section, we prove Theorem 1.7. Let g be a degree-1 excited state.

Proof of Theorem 1.7. Let 0 < § < 1 to be chosen later. We consider the solution
4 of (1.1) with initial data

i(0) = (¢,0) + (30,0) + W (ay), (4.1)

where at = (o )y=1,... Kk € Bgx (62) is given, and

K + +
Tat) — a G Y

e =Y (57) -
Step 1. Decomposition. For any ¢t > 0 such that @ is defined and satisfies (2.22),
we consider its decomposition according to Proposition 2.4: this gives the functions
z,0,0,5,a,b and @. Note that by the definition of W(a+), the initial data (0) is
modulated in the sense that

(0) = W(a®), 2(0) = £(0) = 0, 6(0) = B(0) = 0, b(0) =0, a(0) =5.  (4.3)

7+ G Y
Also, by (2.4), and as Z;7(0) = ( kY ), we have
[

Vk=1,....,K, af(0)=(W(a),Z(0)) = a. (4.4)
We introduce the following bootstrap setting,

la(t) — (¢t + 67 <@+ + (¢ +57)7E, s

01)] <02, N(t) < (t+671)7%, AW < (t+07H)7°
Let T, = T\.(a™) be the supremum of times ¢ > 0 such that @ is defined on [0, t], sat-
isfies the assumption (2.22) of Proposition 2.4 on [0, t], and such that the bootstrap
estimates (4.5) hold on [0, ¢].
Our goal is to prove that there exists at least one choice of a* € Bgx (& %) such that
T.(aT) = co. For this, we start by closing all bootstrap estimates except the one
for the instable modes, A, given any a* € By« (6 %) Then we prove the existence of
suitable parameters a™ = (a;)k:h.. .k for which A is controlled, using a topological
argument. Before we proceed with the actual proof, let us emphasize a major
difference between the argument here and the previous boostraps. In Theorem 1.7
the goal is to construct a solution, and our only choice is a good guess for the
initial data as in (4.1); hence, we do not have any long time a priori knowledge, in
particular, we have no way to ensure a priori that d;u € L?([0, +o0), L?) (a bound
which plays a key role in controlling the unstable modes): it will be consequence of
our construction.
In the remainder of the proof, the implied constants in < or O do not depend on
the small parameter § > 0 which appears in the definition of the initial data (4.1)

and in the bootstrap assumptions (4.5), nor on a* € Bgx (6%)
Step 2. Closing the estimates in (4.5) except for A.
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Fix at € Bk (§ %) For simplicity of notations, we drop any references to a™ in
this step.
Estimate of a. From (4.5) and the definition of Ry, we have, for any ¢ € [0,T%),

[RA(5) — a(t)?] S la()IN () + N (£)* S (t+571) 75 (4.6)
Also,
Ri(t) = (t+0 ) <@+ ) F+@E+6 )" 5+ @+67 )75, (47
and so Rq(t) > 0 if § > 0 is small enough. By (2.49), (4.5) and (4.6),
‘ d

b
2

—Ri+ R}

o < IR — 0] + N2(0) + W () + o))

S+ T4 (4617
Therefore, from (4.7), we have
d _ 1y 1 —1\—p
G RO -1 S ey
Integrating above estimate on [0, ¢], and using (4.3), we obtain

RN — (t+ 0 Y| S (t+07HT 4 (t+071)PH,

so that in particular R ()~ > 2(t + 1) (for § small enough) and
1 IRy (t) = (t+671) s s
— = < 4 p+1
’Rl(t) Tis R0~ (t+6) 14+ )

From there, we infer
la(t) — (t+6) 7 SR — (t+ 67+ N(2)
S+ F 4 (407,
which strictly improves the estimate (4.5) of a for 4 small enough (recall that p > 2).

FEstimate of 6. We use the evolution equations (2.29) and (2.30) for  and S, under
the bootstrap assumption (4.5): this gives, for all ¢ € [0,T%),

ov 2o

Fix t € [0,T) and integrate the above estimate on [0, ], using (4.3) and (4.5): it
yields

SN +a?(t) S (t+07 )72

BOIS A0+ o) + 50

t
S(t+o7h)71 +/ (s4+61H)2ds <61 +6 <6,
20{ 0

which strictly improves the estimate (4.5) of 8, for § small enough.
Estimate of N'. We first derive a bound on F using its evolution equation (2.51):
together with the boostrap assumption (4.5), we have

d 15 13 13
37 t2mF < Go ((t+ 5T + 2(t+5*1)*T> S@t+0"H .

Fix t € [0,7,) and integrate this on [0,¢] and using the initial bounds (4.2) and
(4.3) to infer that

¢
F(t) < e M F(0) + 672”/ (e 571)*%&9
0

SO (b4 07T St
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To get a bound on A, we now recall the coercivity bound (2.46) again and the
bootstrap assumption (4.5) on A, and conclude that

N2(t) S F(t) +p L AWR) S (t+671)77

which strictly improves the boostrap estimate (4.5) of A/ for § small enough.

Step 3. Transversality and choice of a™. Observe that for any time ¢t where the
bootstrap bounds (4.5) holds together with the equality A(t) = (t + 6=1)73, the
evolution equation (2.53) on A yields the following transversality property:

% ((t+ 0712 A®) = (ws(t+ 071> +3(t+071)%) At)
— Co(t+ 071> (N3(t) + a*(H)N (t))

>v3+0 ((t+ ST TR (0 (b4 6—1)—1) > %1/3, (4.8)

for 6 > 0 small enough. Estimate (4.8) is enough to justify the existence of at least
K-uple at € By (62) such that T, (a™) = oo.

The proof is by contradiction: assume for its sake that for all at € B_RK((S%), it
holds Ty (a™) < co. Then, a contradiction follows from the following discussion (see
for instance more details in [8] and [11, Section 3.1]).

Continuity of the map at +— T, (at). Let at € Bpr(62): as T.(at) < +00, then
as we improved all other estimates in (4.5) in the previous step, necessarily, the
equality A(t) = (t+671)72 holds for t = Ty (a™), and so (4.8) holds at t = T, (a™).
By continuity of the flow of (1.1) (and of the modulation technique), the above
transversality property implies that the map

Bri (62) = [0,+00), at — Ty(a™)
is continuous and there is instantaneous exit for initial data on the boundary:
T.(a") =0 forall at € Spx (67).

Construction of a retraction. As a consequence, the map giving the exit point (on
the boundary)

M : Bgi(62) — Sprc(62)
ot > 6% (TL(a*) +071)? a* (T.(a™))

is well defined, continuous, and moreover, the restriction of M to Sgx (8 %) is the
identity.

The existence of such a map M contradicts Brouwer’s no retraction theorem for
continuous maps from the ball to the sphere. We conclude that there exists at least
one at € By (62) such that T, (at) = oo.

Step 4. Conclusion. At this point, we have proved the existence of a* € Brx (8 %),
associated with a global solution @ € %([0,+00), H* x L?) of (1.1) with initial
data defined in (4.1), which also can be modulated (in the sense of (2.22)) and
satisfies (4.5) for all ¢ € [0,00). Let us now control the convergence of z and 6:
using their evolution equations (2.29) (and (2.30)) under the (4.5) regime, we see
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that there exist z(t) = 2o, and 0(t) — 0 as t — 400 and moreover

|2(t) — 2%°| +16(t) — 6°°] < |2(¢) + £(1&) - zoo‘ + ’9(75) + E(t) — 0| + i./\/(t)

2c 2

1 > ¢ . B
< —N(t C+ — 0+ —||d
204N<)+/t Z+20¢ + Jr2oz| §

SN+ /too (NV(5) + la(s) IV (s) + |al"(s)) ds

S+ 4 (t+07)TE 4 (b 07T (4.9)

We now use the invariance of the equation to get a solution to (1.1) where zo, =0
and 0., = 0 by setting

Uy (t, ) = u(t, Rg; (24 200)) forall (t,z) €[0,00) x RY.

Then, from (4.5) and (4.9), @, € €([0,+00), H* x L?) is a solution of (1.1) which
enjoys requested properties in the conclusion of Theorem 1.7, and more precisely,

VE20, @ (t) — (6,0) = (t+0") 1B, 0)|[prixpe S (E+671) 7T 4+ (245717

Now that . is constructed, observe that by considering time translation @, (t —to),
one can adjust at will the coefficient in front of the (¢,0) term. The proof of
Theorem 1.7 is complete. (|
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